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a) A solution to ∇2f(x) = S(x) (2.44) is

f(x) =

∫∫∫
V
g(x|y)S(y)dy =

−1

4π

∫∫∫
V

S(y)

|x− y|
dy. (2.48)

The rapid pressure p(r) satisfies

1

ρ
∇2p(r) = −2

∂〈Ui〉
∂xj

∂uj
∂xi

, (11.11)

where ∂〈Ui〉/∂xjis uniform due to homogeneous turbulence

1

ρ
∇2p(r)(x) = −2

∂〈Ui〉
∂xj

∂uj(x)

∂xi
. (1)

Substituting eqaution (11.11) into (2.48) gives the solution for the rapid
pressure

1

ρ
p(r)(x) =

1

2π

∞∫∫∫
−∞

∂〈Ui〉
∂xj

∂uj(y)

∂yi

dy

|x− y|
. (2)

Multiplying both sides of equation (2) with a random field φ(x) gives

1

ρ
p(r)(x)φ(x) =

1

2π

∞∫∫∫
−∞

∂〈Ui〉
∂xj

∂uj(y)

∂yi

dy

|x− y|
φ(x)

=
1

2π

∂〈Ui〉
∂xj

∞∫∫∫
−∞

∂uj(y)

∂yi
φ(x)

dy

|x− y|
. (3)

1



Taking the average of equation 3 yields

1

ρ
〈p(r)(x)φ(x)〉 =

〈
1

2π

∂〈Ui〉
∂xj

∞∫∫∫
−∞

∂uj(y)

∂xi
φ(x)

dy

|x− y|

〉

=
1

2π

∂〈Uk〉
∂xl

∞∫∫∫
−∞

〈
∂ul(y)

∂yk
φ(x)

〉
dy

|x− y|
. (11.18)

b) For any integrand T (x,y), the volume integral I(x) ≡
∞∫∫∫

−∞
T (x,y)dy

can be re-expressed as I(x) =
∫∞
0
T̄ (r)4πr2 dr, with r ≡ |x − y|, and

with T̄ (r) denoting the the average of T over spherical shells of radius
r, centered on x. Hence for the integral I to converge, T̄ (r) must tend
to zero faster than r−3. It follows therefore that, for the integral in
Eq.(11.18) to converge, the shell-average of the two-point correlation
has to tend to zero faster than r−2.

c) The contribution of the rapid pressure to the pressure-rate-of-strain
term is defined as

R(r)
ij =

〈
p(r)

ρ

(
∂ui
∂xj

+
∂uj
∂xi

)〉
(11.13)

=

〈
p(r)

ρ

∂ui
∂xj

〉
+

〈
p(r)

ρ

∂uj
∂xi

〉
. (4)

Now having φ(x)=
(

∂ui

∂xj

)
x

equation (11.18) yields

〈
p(r)

ρ

∂ui
∂xj

〉
=

1

2π

∂〈Uk〉
∂xl

∞∫∫∫
−∞

〈
∂ui(x)

∂xj

∂ul(y)

∂yk

〉
dy

|x− y|
, (5)
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where the term under the integral can be modified to〈
∂ui(x)

∂xj

∂ul(y)

∂yk

〉
=

〈
∂ui(x)

∂xj

∂ul(y)

∂yk
+ ui(y)

∂

∂xj

∂ul(y)

∂yk︸ ︷︷ ︸
=0

〉

=
∂

∂xj

〈
ui(x)

∂ul(y)

∂yk

〉
=

∂

∂xj

〈
∂ui(x)

∂yk︸ ︷︷ ︸
=0

ul(y) + ui(x)
∂ul(y)

∂yk

〉

=
∂2

∂xjyk
〈ui(x)ul(y)〉 . (6)

Substituting equation 6 back into equation 5 yields〈
p(r)

ρ

∂ui
∂xj

〉
=

1

2π

∂〈Uk〉
∂xl

∞∫∫∫
−∞

∂2

∂xjyk
〈ui(x)ul(y)〉 dy

|x− y|
. (11.19)

d) Substituting y = r + x, dy = dr, ∂yi = ∂ri and ∂xi = −∂ri into
equation (11.19), with r the separation vector, yields

〈
p(r)

ρ

∂ui
∂xj

〉
= − 1

2π

∂〈Uk〉
∂xl

∞∫∫∫
−∞

∂2

∂rjrk
〈ui(x)ul(x + r)〉dr

|r|
, (7)

where 〈ui(x)ul(x + r)〉 = Ril is the two-point velocity correlation

〈
p(r)

ρ

∂ui
∂xj

〉
= − 1

2π

∂〈Uk〉
∂xl

∞∫∫∫
−∞

1

|r|
∂2Ril

∂rjrk
dr. (11.20)
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