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a): If the governing equation for Ui is

DUi
Dt

= −1

ρ

∂〈p〉
∂xi

+ Āi(U,x, t), (1)

where Āi is a differentiable function, following from Eq. (12.8) on page
465, we get that the corresponding Eulerian PDF of U(x, t), f ∗(V; x, t),
evolves by

∂f ∗

∂t
+ Vi

∂f ∗

∂xi
= − ∂

∂Vi

[
f ∗
(
−1

ρ

∂〈p〉
∂xi

+ Āi(V,x, t)

)]
, (2)

i.e.,
∂f ∗

∂t
+ Vi

∂f ∗

∂xi
− 1

ρ

∂f ∗

∂Vi

∂〈p〉
∂xi

= − ∂

∂Vi
[f ∗Āi(V,x, t)]. (3)

b): From Eq.(12.117), we get that the Eulerian PDF equation stemming
from the GLM is

∂f ∗

∂t
+ Vi

∂f ∗

∂xi
− 1

ρ

∂f ∗

∂Vi

∂〈p〉
∂xi

= −Gij
∂

∂Vi
[f ∗ (Vj − 〈Uj〉)]

+ 1
2
C0ε

∂2f ∗

∂Vi∂Vi
. (4)

Equation 4 can be rewritten as

∂f ∗

∂t
+ Vi

∂f ∗

∂xi
− 1

ρ

∂f ∗

∂Vi

∂〈p〉
∂xi

= − ∂

∂Vi

[
Gijf

∗ (Vj − 〈Uj〉)− 1
2
C0ε

∂f ∗

∂Vi

]
,

(5)
i.e.,

1



∂f ∗

∂t
+Vi

∂f ∗

∂xi
−1

ρ

∂f ∗

∂Vi

∂〈p〉
∂xi

= − ∂

∂Vi

[
f ∗
(
Gij (Vj − 〈Uj〉)− 1

2
C0ε

∂ ln f ∗

∂Vi

)]
.

(6)
So the Eulerian PDF equation stemming from the GLM can be written
in the same form as Eq. 3 with

Āi = Gij(Vj − 〈Uj〉)− 1
2
C0ε

∂ ln f ∗

∂Vi
. (7)

c): If f ∗ is joint normal, then f ∗ can be expressed as

f ∗(V) =
[
(2π)3 det(C)

]−1
2 exp

[
−1

2
(V − 〈U〉)TC−1(V − 〈U〉)

]
, (8)

where C is the covariance matrix (C = uuT ) and which is symmetric.
So

∂ ln f ∗

∂Vi
=

∂

∂Vi

{
ln
[
(2π)3 det(C)

]−1
2 − 1

2
(Vk − 〈Uk〉)C−1

kj (Vj − 〈Uj〉)
}

= −1
2
C−1
kj (Vj − 〈Uj〉)δki − 1

2
(Vk − 〈Uk〉)C−1

kj δij

= −1
2
C−1
ij (Vj − 〈Uj〉)− 1

2
C−1
ki (Vk − 〈Uk〉)

= −1
2
C−1
ij (Vj − 〈Uj〉)− 1

2
C−1
ik (Vk − 〈Uk〉)

= −C−1
ij (Vj − 〈Uj〉). (9)

Then Ā is given by

Āi = Gij(Vj − 〈Uj〉)− 1
2
C0ε

∂ ln f ∗

∂Vi
= (Gij + 1

2
C0εC

−1
ij )(Vj − 〈Uj〉), (10)

where C−1
ij is the i-j component of the inverse of the Reynolds-stress

tensor Cij = 〈uiuj〉.
So, for homogeneous turbulence, in which f ∗ is joint-normal, Eq. 1
and Eq. 10 provide a deterministic model with the same Eulerian PDF
evolution as the GLM, because both the deterministic model and the
GLM model preserve the joint-normal PDF, provided that the initial
PDF is joint normal and the evolution equations of the Eulerian PDF
for both models are the same.

For a general flow, because the deterministic model preserves the PDF
shape (as a result of lacking a diffusion term), the resulting PDF does
not relax to joint-normal.
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