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a): With
f ′φ(ψ; x, t) ≡ δ(φ(x, t)− ψ), (1)

being the fine-grained PDF of composition, by differentiating with re-
spect to t, we get

∂f ′φ
∂t

=
∂δ(φ(x, t)− ψ)

∂t

= −∂δ(φ(x, t)− ψ)

∂ψ

∂φ

∂t

= − ∂

∂ψ

(
f ′φ
∂φ

∂t

)
. (2)

b): By differentiating with respect to xi, we get

∂f ′φ
∂xi

=
∂δ(φ(x, t)− ψ)

∂xi

= −∂δ(φ(x, t)− ψ)

∂ψ

∂φ

∂xi

= − ∂

∂ψ

(
f ′φ
∂φ

∂xi

)
. (3)

c): From the definition of the material derivative, we get

Df ′φ
Dt

=
∂f ′φ
∂t

+ Ui
∂f ′φ
∂xi

. (4)
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Substituting Eqs. 2 and 3 into Eq. 4, we get

Df ′φ
Dt

= − ∂

∂ψ

(
f ′φ
∂φ

∂t

)
− Ui

∂

∂ψ

(
f ′φ
∂φ

∂xi

)

= − ∂

∂ψ

(
f ′φ
∂φ

∂t
+ Uif

′
φ

∂φ

∂xi

)

= − ∂

∂ψ

(
f ′φ

Dφ

Dt

)
. (5)

d): Similar to Eq.(12.3) on page 464, we get

〈f ′φU〉 =
∫ ∫

δ(ψ′ − ψ)VfUφ(V, ψ′; x, t)dVdψ′

=
∫

VfUφ(V, ψ; x, t)dV

= fφ(ψ; x, t)
∫

VfU|φ(V|ψ; x, t)dV

= fφ 〈U(x, t)|ψ〉 = fφ 〈〈U〉+ u|ψ〉
= fφ(〈U〉+ 〈u|ψ〉), (6)

where the second step follows from the sifting property of the delta
function, and 〈u|ψ〉 is an abbreviation for 〈u(x, t)|φ(x, t) = ψ〉.

e): From Eq. 5, we have

Df ′φ
Dt

= − ∂

∂ψ

(
f ′φ

Dφ

Dt

)
. (7)

With Eq. 4 and ∇.U = 0, we get

∂f ′φ
∂t

+
∂(Uif

′
φ)

∂xi
= − ∂

∂ψ

(
f ′φ

Dφ

Dt

)
. (8)

Taking the mean of Eq. 8 and with Eq. 6, we get

∂〈f ′φ〉
∂t

+
∂〈Uif ′φ〉
∂xi

= − ∂

∂ψ

(〈
f ′φ

Dφ

Dt

〉)
, (9)

i.e.,

∂fφ
∂t

+
∂

∂xi
(fφ[〈Ui〉+ 〈ui|ψ〉]) = − ∂

∂ψ

(
fφ

〈
Dφ

Dt

∣∣∣∣∣ψ
〉)

= − ∂

∂ψ
{fφ[〈Γ∇2φ|ψ〉+ S(ψ)]}, (10)
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hence verifying Eq.(12.322).

e): Differentiating Eq. 3 with respect to xi, we get

∂

∂xi

(
∂f ′φ
∂xi

)
= − ∂2

∂xi∂ψ

(
f ′φ
∂φ

∂xi

)

= − ∂

∂ψ

[
∂

∂xi

(
f ′φ
∂φ

∂xi

)]

= − ∂

∂ψ

[
f ′φ

∂2φ

∂xi∂xi
+
∂φ

∂xi

∂f ′φ
∂xi

]

= − ∂

∂ψ

(
f ′φ

∂2φ

∂xi∂xi

)
+

∂2

∂ψ2

(
f ′φ
∂φ

∂xi

∂φ

∂xi

)
, (11)

i.e.,

∇2f ′φ = − ∂

∂ψ

(
f ′φ∇2φ

)
+

∂2

∂ψ2
(f ′φ∇φ · ∇φ), (12)

where the last step of Eq. 11 follows from Eq. 3.

f): By taking the mean of Eq. 12, we get

∇2fφ = − ∂

∂ψ

(
fφ〈∇2φ|ψ〉

)
+

∂2

∂ψ2
(fφ〈∇φ · ∇φ|ψ〉). (13)

Substituting Eq. 13 into Eq. (12.322), we get

∂fφ
∂t

+
∂

∂xi
(fφ[〈Ui〉+ 〈ui|ψ〉]) = Γ∇2fφ

− ∂2

∂ψ2

(
fφ

〈
Γ
∂φ

∂xi

∂φ

∂xi

∣∣∣∣∣ψ
〉)
− ∂

∂ψ
[fφS(ψ)], (14)

i.e.,

D̄fφ
D̄t

= Γ∇2fφ −
∂

∂xi
(fφ〈ui|ψ〉)

− ∂2

∂ψ2

(
fφ

〈
Γ
∂φ

∂xi

∂φ

∂xi

∣∣∣∣∣ψ
〉)
− ∂

∂ψ
[fφS(ψ)], (15)

hence verifying Eq. (12.323).
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